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Problem 2.3
Develop all of the processes necessary to solve the TopSpin game and write up an
algorithm for solving it. Include a justification for how many of the stateseachable
and, if possible, which permutations igy $ey represent.

Holding the topspin game with the purple disc away from you, let the counter-cdeckw
most position in the purple disc be the 1 position (left most position with disc away from
you). Let the position clockwise from the 1 position be the 2 position, and so on for all
twenty positions. Note the 20 position is one position counter-clockwise from the 1
position.

Let g and h be elements ofoS
Letg=(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20)
Leth = (1,4) (2,3)

Note that g is equivalent to moving all of the pieces one position in a clockwistodiyec
and h is equivalent to a 180-degree rotation of the purple disc. So g and h generate the
TopSpin group G, and G is a subgroup af S

Note:
gl= (20,19,18,17,16,15,14,113,12,11,10,9,8,7,6,5,4,3,2,1)
h=h
lg| =20 and |h| =2

As with the Rubik’s Cube, let [hg] = hgg™. Therefore [hg] = hg’h'g.

[hg™] = (1,3,5,2,4)
So [hg')? = (1,5,4,3,2)
((hg1?g*)°= (2,20,19,18,17,16,15,14,13,12,11,10,9,8,7,6,5,4,3)
Then ([hg']*g*)° g = (1,2)

With this as an inspiration, we can permute one with anything in G.

let a = (hg']°g*)"
Then (1,2) = ag

We claim (1,n) = ¥%(g’a)"%g for 1 <n.<20

Note that 4= (20,18,16,14,12,10,8,6,4,2,19,17,15,13,11,9,7,5,3) %ifexes 1 and shifts
everything else two positions counter-clockwise (except 2 and 3 which move three
positions counter-clockwise in order to skip 1). Essentially we have put 1 between 3 and
4. Similarly & will fix 1 and move everything else n-1 positions counter-clockwise
putting 1 between the n and n+1.



Now in order to switch 1 and n we next need to put n between 20 and 2. Recall 1 is still
in the 1 position and n is in the 20 position.

Note da = (1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19) “adixgs the twenty

position and moves everything else one position clockwise’zwiti put n between n-2

and n-1, (&) will put n between n-3 and n-2, and4yJ’ will put n between n-(m+1)

and n-m. In particular fg)" 2 will put n between 1 and 2. But recall that we have

already put one between n and n+1, so 20 is next to 2. Thus"dfgfafl? nis

between 20 and 2 and since we moved n away, 1 is between n-1 and n+1. Finally nis in
the 20 position and we want it in the 1 position, so g simply moves everything one
position clockwise.

Furthermore we can permute any two distinct positions in G.

Forany m, nwith 1 < <20, 1<n<0,and m<n.

(m,n) = g™ @ " (gfaf" " Yg) g
Note (m,n) = (n,m) for any m and n.

Now we can show that G §& Recall that G is a subgroup abSThus if we can show
that Sp is a subset of G we are done. Let k be an arbitrary elemest iflgen k is a
permutation and can be written in cycle notation. Each disjoint cycle of k manttew
(N1, M, ..., n) where 1 <i<20. The cycle (h n, ..., n) can be rewritten as a product of
transpositions, specifically {nn) (m, n-1) ... (m, ) (M, ). Since we can permute any
two distinct positions in G, we can reach k. Thus Gg-tBat is every permutation in

S0 can be reached on the TopSpin game.

An algorithm to solve the TopSpin game.
Let 1,denote the piece with 1 written on it angd2note the piece with two written on it
and so on for all twenty pieces.

I. Positioning the first sixteen pieces.
A. Find Z, and using an element of <g> move it to the 4 position (the clockwise most

position in the purple disc).

i. If1,isnotinthe 1, 2, or 3 position then do’hgnd repeat i. untilylis in one
of the 1, 2, or 3 positions.

ii. If1,isinone of the 1, 2, or 3 position:
a. If Lis in the 1 position do {th) (gh) to position 2next to 1.
b. If 1,is in the 2 position do {@) (gh) (gh) to position 2next to 1.
c. If L,is in the 3 position then,2s next to 3, socontinue to B.

B. Repeat A replacing,2or 1, and 3 for 2,. Continue repeating A in this manner,
positioning the next highest piece, until, 16 properly positioned next to 45

Il. Positioning the remaining four pieces (recall a = {Jig*)°).
A. Using an element of <g> (probabli)gplace 16 in the 20 position.



I. If 17,is in the 1 position proceed to B.

ii. If 17,is in the 2 position do ag to position,Iiext to 16.

iii. If 17, is in the 3 position dotagfag to position 17next to 16.
iv. If 17, is in the 4 position do h to positionnext to 16.

. Using an element of <g> (probably)gplace 17 in the 20 position.
i. If18,isin the 1 position proceed to C.

il. If 18, is in the 2 position do ag to position,X&xt to 173,

iii. If 18, is in the 3 position dotadfag to position 18next to 17

. Using an element of <g> (probably)glace 1§ in the 20 position.
i. If 19 is in the 1 position then do’do finish.
ii. If 19, is in the 2 position do dgo finish.
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